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Abstract
We consider a Schwarzschild type solution in the discrete Regge calculus for-
mulation of general relativity quantized within the path integral approach. Ear-
lier, we found a mechanism of a loose fixation of the background scale of Regge
lengths. This elementary length scale is defined by the Planck scale and some free
parameter of such a quantum extension of the theory. Besides, Regge action was
reduced to an expansion over metric variations between the tetrahedra and, in
the main approximation, is a finite-difference form of the Hilbert-Einstein action.
Using for the Schwarzschild problem a priori general non-spherically symmetri-
cal ansatz, we get finite-difference equations for its discrete version. This defines
a solution which at large distances is close to the continuum Schwarzschild ge-
ometry, and the metric and effective curvature at the center are cut off at the
elementary length scale. Slow rotation can also be taken into account (Lense-
Thirring-like metric). Thus we get a general approach to the classical background
in the quantum framework in zero order: it is an optimal starting point for the
perturbative expansion of the theory; finite-difference equations are classical, the
elementary length scale has quantum origin. Singularities, if any, are resolved.
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21 Introduction
The task of studying the object indicated by the title of the article is a special case of an
attempt to describe a system with extreme and even singular gravitational fields. Such
a description, as is generally accepted, requires the involvement of quantum gravity
and, in turn, can be considered in the broader context of studying quantum effects in
the framework of a specific quantum-gravitational approach.
From the formal viewpoint, general relativity (GR) is a non-renormalizable field
theory, and divergences originate from the continuum nature of space-time. This leads
us to expect the efficiency of discrete approaches [1]. A distinctive feature of gravity as
a geometry consists in the presence of a simple ansatz of geometry, which is described
by a discrete set of variables. This is a piecewise flat manifold which can be viewed
as a collection of flat 4-dimensional tetrahedra or 4-simplices. Regge calculus is the
GR on the class of such piecewise flat manifolds [2]. These manifolds can approximate
any given Riemannian geometry with arbitrarily high accuracy [3, 4]. This makes it
possible to use such a formulation in quantum applications, usually using a functional
integral approach as well. A certain freedom is connected with the choice of a functional
measure, which can be made based on reasonable physical assumptions and used to
extract physical quantities such as the Newtonian potential [5, 6].
A (geometry of the) piecewise flat manifold can be fully characterized by the edge
lengths. These edge lengths can be viewed as the result of a triangulation of some
manifold. Regge calculus corresponds to an intuitive ”experimental” viewpoint on the
active role of the measurement process creating a state: we can only measure a discrete
(more exactly, arbitrarily large finite) set of triangulation data, and we only have, in a
sense, the simplest geometry corresponding to this data.
In a more general context, there are various discrete approaches to gravity based
on triangulation. Spin foam models [7] generalize to four dimensions the work by
Ponzano-Regge in three dimensions [8], where the edge lengths are considered to be
quantized as moments, and state sum over triangulations is that of the products of the
6j-symbols for the tetrahedra and is shown to correspond to an effective action relating
approximately to the (three-dimensional) Regge action. Here the state sum is primary,
and the action is secondary. In the more traditional for the field theory approach
we have taken, the (Regge) action is primary, and the path integral is constructed
3from it. There are also options here. In the Causal Dynamical Triangulations theory
(CDT) [9], several different building blocks (4-simplices) are considered. We stick to
the conventional Regge calculus ideology, which assumes continuous changes in the
edge lengths.
An application of the Regge calculus to static charged and uncharged black holes
was considered classically in the paper [10]. A piecewise flat manifold breaks spherical
symmetry, and if a classical fixed simplicial structure is used, it is important to minimize
this breaking. Regge calculus was applied to the three-dimensional space, which was
replaced by a certain icosahedral three-dimensional simplicial structure. Besides that,
for the numerical study of such systems, effective lattice methods are proposed that
are alternative to the Regge calculus [11]. In a broader context, Regge calculus was
used to numerically analyze cosmological models [12] – [15]. In the Causal Dynamical
Triangulations theory, the emergence of cosmological models was considered [16].
As concerning studying a quantum black hole, the Loop Quantum Gravity has
been applied to the Schwarzschild problem [17, 18]. Although this is not a discrete
theory, its connection with discrete gravity models was considered [19], and, besides,
the singularity is resolved just due to the discreteness of the area/length spectrum
(and, therefore, the finiteness of the area/length quantum in this theory).
In the approach we have taken, with the edge lengths as independent variables, it
is important to have a mechanism for dynamically loose fixing these lengths around a
certain scale [20]. This mechanism arises due to a specific form of measure in the func-
tional integral formalism. The most direct route to the functional integral is through
the canonical Hamiltonian formalism and quantization. However, if such a formalism
is formulated in terms of only edge lengths, it is singular. A way out of the situation
appears when using the representation of the Regge action in terms of edge lengths and
connection SO(3,1) matrices as independent variables. Thus, we get a certain analogue
of the situation in the continuum GR, where we can develop the canonical formalism,
proceeding from the first order Cartan-Weyl connection form of the action. Having ob-
tained the functional integral in terms of the edge lengths and the SO(3,1) connection
matrices, we can integrate over the latter and end up with the functional integral only
in terms of the edge lengths. The resulting functional integral measure in terms of edge
lengths has the ability to loosely fix an elementary length scale. This manifests itself
in the form of a fixation of an optimal starting point (in the configuration superspace)
4of the perturbative expansion series for this functional integral, like the fixation of the
equilibrium point in a potential well.
As a result, we have conditions on the initial point of the perturbative expansion
in the form of a condition for some maximization of the measure (this determines the
elementary length scale) and, as usual, the equation of motion or the Regge equation. In
[21], we calculate the Regge action on a simplicial complex, on which some coordinates
of the vertices are given, with the help of the intermediate use of discrete Christoffel
symbols or GL(4.R) matrices relating the affine frames of the neighboring 4-simplices.
In this way, the action can be represented as a series in typical metric variations
between neighboring 4-simplices, the leading term for the simplest periodic simplicial
structure being a finite-difference form of the Hilbert-Einstein action. Thus, in the
leading order over metric variations, we come to the analysis of the finite-difference
Einstein equations.
Since a finite-difference form breaks the spherical symmetry (as well as any other
continuum symmetry), passing to the finite differences should be made without a priori
substituting a spherically symmetrical ansatz for the metric into the equations. Rather
this should be the general ten-component metric. Though, the general form of the
solution to the Einstein equations is not known yet. But it turns out that one can
restrict oneself in the leading order over metric variations from 4-simplex to 4-simplex
by the three-component vector part of these ten degrees of freedom. Then the equations
are solvable, including their finite-difference form. The present paper continues our
paper [22] where a non-rotating black hole was considered. Now we generalize this
to the case of a slow rotating black hole (the discrete version of the Lense-Thirring
problem), the methodology is given in more detail, some points are worked out.
The paper is organized as follows. The method is considered in Section 2. The
mechanism for a dynamical loose fixation of the edge lengths implies using discrete
lapse-shift functions being constant parameters; a particular choice of the appropri-
ate space-time simplicial structure is analogous to that one following by triangulating
the continuum space-time in the synchronous frame coordinates. In Section 3, the
calculation is described. In the leading order over metric variations from 4-simplex
to 4-simplex used, we can pass to the formulas for the case of a simplicial structure
analogous to that following by triangulating the continuum space-time in some other
coordinate system. The latter is chosen suitably for the lattice, as just mentioned,
5in Subsection 3.1, and the discrete equations and metric solution are considered. In
Subsection 3.2, the discrete equations and metric solution are considered in the case of
a slow rotation of the body. Then Discussion follows.
2 The method
We consider a piecewise flat space-time represented by a simplicial complex consisting
of 4-dimensional tetrahedra or 4-simplices σ4, usual tetrahedrons as their 3-dimensional
faces σ3, triangles as the 2-dimensional faces σ2, edges σ1 and vertices σ0. Given such
a simplicial structure, the geometry is fully characterized by the set of the edge lengths
ℓ ≡ (l1, . . . , ln) (depending on the context, ℓ can denote a set of edge vectors, see
below). Regge action is written as a sum over triangles σ2 (2-simplices) in terms of
their areas Aσ2 and angle defects on them ασ2 (the difference between 2π and the sum
of the hyper-dihedral angles meeting at σ2), functions of ℓ,
S(ℓ) =
1
8πG
∑
σ2
Aσ2 (ℓ)ασ2 (ℓ) (1)
For the possibility of non-singular canonical quantization, as mentioned, it is useful
to extend the set of independent variables by including some variables of the connection
type Ω such that excluding these from a certain action form S(ℓ,Ω) via equations of
motion would result in S(ℓ) (1),
∂ΩS(ℓ,Ω) = 0⇒ S(ℓ,Ω(ℓ)) = S(ℓ). (2)
To this end, a local pseudo-Euclidean frame is assigned to each 4-simplex. Each edge
σ1 is characterized by a vector laσ1 in the frame of a certain σ
4 ⊃ σ1 (a more detailed
notation being laσ1|σ4). The notions of discrete tetrad and connection were introduced
by Fro¨hlich [23]. It is also important to be able to restrict oneself to the (anti-)self-
dual parts of the connection matrices for better computability and in order to be
able to write (a discrete version of) the parity odd Holst term [24, 25], parameterized
by the Barbero-Immirzi parameter γ [26, 27], in order, in particular, to correspond
to the discrete version of the system initial for obtaining the Loop Quantum Gravity
formulation. We have suggested in [28] such a form S(ℓ,Ω) in terms of area tensors and
finite rotation SO(4) (SO(3,1) in the considered Minkowsky case) matrices, and also
in terms of (anti-)self-dual parts of finite rotation matrices. The connection matrices
6Ωσ3 ”live” on the tetrahedra σ
3 (3-simplices). The so-called ”continuous time limit”
can be performed, and this can be recast in the canonical Hamiltonian form with some
Lagrangian L =
∑
σ2 [l1, l2]ΩΩ˙ − H(ℓ,Ω) (symbolically), [l1, l2] being a bivector of a
triangle σ2. The canonical quantization can be performed in the functional integral
form
∫
exp[iS(ℓ,Ω)]dµ(ℓ)DΩ. (The functional integral measure can be chosen so that
it reduces to the canonical quantization measure in the continuous time limit whatever
coordinate is taken as a time.) After integrating over Ω, we are left with a functional
integral only over the length variables,
∫
exp[iSeff(ℓ)]F (ℓ)Dℓ, with a phase Seff(ℓ) and
a module F (ℓ),∫
exp[iS(ℓ,Ω)]Ψ(ℓ)dµ(ℓ)DΩ =
∫
exp[iSeff(ℓ)]Ψ(ℓ)F (ℓ)Dℓ (3)
with a probe function Ψ(ℓ).
For Seff(ℓ), it is appropriate to use the stationary phase expansion, for a nonzero
phase appears already in the zero order. In this order, it follows by excluding Ω
classically from S(ℓ,Ω) and is just the Regge action S(ℓ) by definition of S(ℓ,Ω) (2).
For F (ℓ), it is appropriate to use an expansion over the discrete analogs of the
Arnowitt- Deser-Misner (ADM) [29] lapse-shift functions (N,N i), for a nontrivial mod-
ule appears just in the zero order of this expansion. More exactly, such discrete analogs
can be introduced for a certain type of the simplicial structure. Namely, it is assumed
to be constructed from analogous neighboring in time three-dimensional simplicial com-
plexes (the leaves or slices of the foliation) using temporal and diagonal edges. A tem-
poral edge connects a pair of analogous vertices in two neighboring leaves. A diagonal
edge connects a vertex σ01 in a leaf with a vertex σ
0
2′ in a neighboring leaf whose ana-
logue σ02 in the former leaf is a neighbor of σ
0
1 (σ
0
1, σ
0
2 are the ends of some edge (σ
0
1σ
0
2)).
The vector laσ1 of a temporal edge σ
0
1 is just a discrete analogue of N
a = (N,N), and we
can denote laσ1 ≡ Naσ1 = (Nσ1 ,Nσ1). In such a structure, we can distinguish between a
spatial triangle (completely contained in a leaf), a temporal triangle (having a temporal
edge) and a diagonal triangle which is neither of these two. (We previously referred
to ”temporal edge” and ”spatial edge” as to ”t-like edge” and ”leaf edge” respectively
[20].) The edge vector laσ1 is an analogue of e
a
λ of the continuum theory, and the terms
”temporal σ1” and ”spatial σ1” are analogs of the ”covariant world vector index λ = 0”
and ”λ = 1, 2, 3”, respectively. Whereas ”time-like” and ”space-like” refer to the ”local
vector index a = 0” and ”a = 1, 2, 3”, respectively. Typical spatial, temporal and diag-
7onal edges are shown in Fig. 1 below. This classification is important when expanding
the functional integral over the discrete lapse-shift functions,
∫
exp


i
2


(
1 +
i
γ
) ∑
spatial/dia−
gonal σ2
√
v2σ2 arcsin
vσ2 ∗ +Rσ2(Ω)√
v2σ2
+
∑
temporal σ2
√
τ 2σ2 arcsin
τ σ2 ∗ +Rσ2(Ω)√
τ 2σ2

+ complex
conjugate



DΩ
=
∫
exp


i
2


(
1 +
i
γ
) ∑
spatial/dia−
gonal σ2
√
v2σ2 arcsin
vσ2 ∗ +Rσ2(Ω)√
v2σ2
+ complex
conjugate



DΩ
+O(N). (4)
The connection representation used is based on the decomposition of SO(3,1) as (a
subgroup of) SO(3,C) × SO(3,C), self-dual × anti-self-dual ones, Ω = +Ω −Ω, −Ω =
( +Ω)∗, +R(Ω) = R( +Ω). The curvature Rσ2(Ω) =
∏
σ3⊃σ2 Ω
±1
σ3 , holonomy of Ω;
+R is
represented here as a 3 × 3 matrix. The area bivector of the triangle σ2 = [σ11σ12 ]
(formed by two edges σ11 , σ
1
2) is characterized by the complex area 3-vector vσ2 , 2vσ2 =
ilσ1
1
× lσ1
2
− lσ1
1
l0
σ1
2
+ lσ1
2
l0
σ1
1
; for the temporal triangle (σ11 being a temporal edge), this
vector is denoted as τ σ2 : 2τ σ2 = iNσ1
1
× lσ1
2
−Nσ1
1
l0
σ1
2
+ lσ1
2
Nσ1
1
. For a 3-vector and a
3 × 3 matrix, v ∗ R ≡ 1
2
viRklǫikl. The quantity γ is the Barbero-Immirzi parameter.
In (4), the contribution of the temporal triangles is singled out. It is of order Na, and
in zero order in Na, the functional integral over Ω is calculable (Rσ2 included in the
expression can be taken as independent variables).
The measure F (ℓ) is defined up to V η (V is the 4-simplex volume), an analogue of
(
√−g)η in the continuum GR. (In the continuum GR, different choices of η lead, eg,
to the DeWitt measure [30] or to the Misner measure [31].) F (ℓ) turns out to have a
maximum at the triangle areas ∝ a2/2,
a =
√
32G(η − 5)/3. (5)
Expansions for Seff(ℓ) and F (ℓ) are consistent if ℓ is loosely fixed at the scale a≫ 1
in Plank units, that is, at η ≫ 1.
More strictly, the fixation of ℓ is finding an optimal starting point ℓ = ℓ0 of the
perturbative expansion. Let F (ℓ)Dℓ = Du be the Lebesgue measure in some new
8u = (u1, . . . , un), ∫
exp[iS(ℓ)]F (ℓ)Dℓ =
∫
Du exp {i [S(ℓ0)
+
1
2
∑
jklm
∂2S(ℓ0)
∂lj∂ll
∂lj(u0)
∂uk
∂ll(u0)
∂um
(u− u0)k(u− u0)m + . . .
]}
. (6)
To define the point ℓ0 = ℓ(u0), it is insufficient to use the equations of motion,
∂S(ℓ0)
∂ℓ
= 0 (7)
(finding an extremum of the zero order term), but also there is the possibility to require
an extremum of the second order term,
F (ℓ0)
2 det
∥∥∥∥∂2S(ℓ0)∂li∂lk
∥∥∥∥
−1
= maximum. (8)
The point ℓ = ℓ0 is defined by (7), (8).
The matrix ∂2S(ℓ0)/∂li∂lk has zero order in the scale of edge lengths. This matrix
is close to a diagonal one (only those li and lk ”interact” in the Regge action S which
refer to the same 4-simplex); at the same time, geometrically, the edge length scale
can not change abruptly from simplex to simplex. Therefore, it is expected that the
inclusion of the determinant of this matrix in (8) will not lead to an essential change in
the extreme point ℓ0 of (8) compared to the maximum of only F (ℓ0). This also means
some sufficient uniformity of the elementary length scale.
How to solve S(l0)/∂l = 0? We can expand S(l0) over the metric variations between
the 4-simplices [21]. In the simplest periodic simplicial structure with a 4-cube cell
divided by diagonals into 4!=24 4-simplices [32], we introduce coordinates which run
through the fours of integers (n1, n2, n3, n4) at the vertices and for which the metric is
constant inside each 4-simplex.
The leading term turns out to be a finite-difference form of the Hilbert-Einstein
action in terms of the metric variations between the 4-cubes,
∑
4−cubes
Kλµ λµ
√
g, Kλµνρ=∆νMλρµ−∆ρMλνµ+MλνσMσρµ−MλρσMσνµ,
Mλµν =
1
2
gλρ(∆νgµρ +∆µgρν −∆ρgµν), ∆λ = 1− T λ. (9)
Tλ is the shift operator along the coordinate x
λ by 1.
We aim to consider the piecewise flat manifold of interest as a starting point of the
perturbative expansion.
9The (finite-difference) field equations are classical, the elementary length scale a,
at which the measure has the maximum, has a quantum nature.
When calculating the functional measure, an expansion over the discrete lapse-shift
functions as parameters is used; these can be taken by hand as analogs of the continuum
gauge parameters. A particular case is the synchronous frame N = 1, N i = 0. Or,
here, a discrete metric close to the Lemaitre one [33].
3 Calculation
In the Lemaitre type coordinates r1 [34], τ , r
3/2 = r
3/2
1 − 32
√
rgτ ,
ds2=−dτ 2+ r1
r(r1, τ)
dr21+r
2(r1, τ)dΩ
2=−dτ 2+(dr(r1, τ)|τ=const)2+r2(r1, τ)dΩ2. (10)
As an example, we can consider a simplicial structure with 4-cube cells, whose
spatial bases are in the (flat) 3D leaves τ = const, temporal edges correspond to
geodesic lines r1 = const, orthogonal to these leaves, and their time-like length is
∆τ (the difference between the neighboring leaves τ = const), Fig. 1, where the edge
lengths are the lengths of the corresponding geodesic segments.
 
 
 
 
 
 
 
 
 
 
 
 
  
r
3/2
1(4a)
3/2(3a)3/2(2a)3/2a3/20
3
2
τ
√
rg
❍❍❍
❅❅❛❛❛❛
PPPP
PPPP
❅
❅
PPPP
PPPP
PPPP
❛❛❛❛
❛❛❛❛
❍❍❍C
D
A
B
PPPP
❳❳❳❳
❳❳❳❳
PPPP
PPPP
❳❳❳❳
❳❳❳❳
❳❳❳❳
❅❅
  
 
 
 
 
 
 
  
  
 
 
 
 
 
 
 
  
 
 
 
 
 
r = 0 r = a
r = 2a
r = 3a
  
 
  
r = 4a
Figure 1: A typical triangulation with the simplest periodic lattice in the Lemaitre
coordinates, drawn in a section passing through the world line r = 0 (however, for
another such section, there are events of ending geodesics r1 = const at r = 0, say,
r1 = a
√
2, which do not belong to any of these leaves τ = const; therefore, the structure
should be distorted near r = 0, for example, a line r1 = const before r = 0 can end
with a non-(r1 = const) edge). BC, AB and AC are examples of the spatial, temporal,
and diagonal edges, respectively. CD is an edge at r = 0.
A temporal edge vector, including its length ∆τ , is fixed by hand analogously to
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the continuum lapse-shift functions, which are gauge functions. Triangulation can
be referred to as a measurement procedure (including quantum one), fixing ∆τ as a
definition of this procedure. Once the elementary length scale is dynamically fixed
at a, the choice ∆τ ≪ a means an overestimation versus the quantum uncertainty
a, ∆τ ≫ a an insufficient detail compared to the quantum uncertainty a, and the
essential deviation of ∆τ/a from unity in both these cases makes the description of
the system somewhat singular. An important part of the Regge calculus strategy is
averaging over various simplicial structures. As a part of such an averaging, averaging
over different temporal edge lengths seems to be appropriate, but now we can take for
estimate ∆τ ≃ a, which also reflects a symmetry between space and time.
Note that in some applications it is preferable that all edge lengths are not null [35];
writing ∆τ ≃ a leaves room for this if accidentally (say, at ∆τ = a, ∆r = a, rg = 0)
the length of the edge turns out to be this null. Although here we do not explicitly use
this opportunity; only the existence of triangulation is important.
We can estimate the region in which the metric variations are small, and, thus, the
skeleton equations can be accurately approximated by the finite-difference ones. Since
local relations (differential equations in the finite-difference form) are studied, we can
limit ourselves to an interval from τ = 0 to some τ ∼ a in order to have a few 3D
leaves sufficient to form a 4-geometry. In the region of interest, deviation of the metric
between τ = 0 and τ ≃ a from the flat one, which is defined by 1 − r/r1, should be
small, ∣∣∣∣r1(r, τ)− rr1(r, τ)
∣∣∣∣≪ 1 at rg ≪ r3a2 . (11)
Alternatively, we can issue from a typical value of the angle defect α ∼ Ra2 on the
elementary area scale a2 for the typical curvature in the continuum GR R ∼ rg/r3
(from the curvature invariants). The condition for the smallness of the angle defect
gives the same estimate,
α ∼ a2R ∼ a2 rg
r3
≪ 1 at rg ≪ r
3
a2
. (12)
In particular, the above estimate can be prolonged to r >∼ a (the nearest to r = 0
vertex) at
rg ≪ a, (13)
though this is not physically quite an interesting case (there is no horizon as such).
Note that a≫ 1 at η ≫ 1 (see (5)), and rg ≫ 1 admits (13).
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The metric in the 4-simplices/cubes substituted in the finite-difference form (9) can
be viewed as the values of some smooth (interpolating) field gλµ in the 4-simplices or
cubes, and in the above region (11), the Lemaitre metric can be taken for gλµ.
In the leading order over the finite differences, the latter obey the rules for the
derivatives, and the finite-difference expression for the action possesses the invariance
with respect to redefining the coordinates of the vertices. So we can go to another
coordinate system in this order.
3.1 Eguations in the leading order over metric variations
The most convenient seems to be a discrete analogue of a certain generalization of
the Painleve´-Gullstrand metric [36, 37], for it allows us to formulate the Schwarzschild
problem without the a priori requirement of spherical symmetry (to which no lattice
obeys).
The Painleve´-Gullstrand metric
ds2 = −dτ 2 +
(
dr +
√
rg
r
dτ
)2
+ r2dΩ2. (14)
This follows at fk = xk
√
rg/r3 from
ds2 = −dτ 2 +
3∑
k=1
(dxk + fkdτ)2, (15)
which does not have spherical symmetry for the general fk. This fits naturally into the
general 3+1 ADM form of metric
ds2 = −(Ndτ)2 + gkl(dxk + fkdτ)(dxl + f ldτ). (16)
In the discrete case, N − 1 and gkl − δkl are not zero, but the next-to-leading order in
the metric variations O(δ).
We can generalize the procedure of passing from the Painleve´-Gullstrand (14) to
the Lemaitre (10) metric to the case of the general 3+1 ADM form of metric (16).
Finding this change of variables (x, τ)→ (y, τ), xk = xk(y, τ) amounts to solving the
differential equations
∂xk(y, τ)
∂τ
+ fk(x(y, τ), τ) = 0, xk(y, 0) = yk (17)
or xk(y, τ) = yk −
∫ τ
0
fk(x(y, τ), τ)dτ (18)
12
in the integral form. Then the metric reads
ds2 = −(Ndτ)2 + gkl ∂x
k
∂ym
∂xl
∂yn
dymdyn. (19)
In principle, according to our strategy of having fixed constant discrete lapse-shifts
(required to perform the functional integral expansion over them), we could try to
perform a transformation to achieve N = 1. However, the continuum version already
has N = 1, and it is quite unreal that its discrete analogue would have abnormally
large discrete lapse-shifts; the bounded on the whole space-time discrete lapse-shifts
will do as well. After all, in the end we turn to another coordinates and only the fact
of the existence of such a metric is important.
The finite-difference version of the GR action (9) can be calculated on the metric
ansatz (19). Approximate relations for finite differences are useful here, for example,
∆gkl(x(y, τ), τ)
∆ym
=
∆xn(y, τ)
∆ym
∆gkl(x(y, τ), τ)
∆xn(y, τ)
, (20)
for the discrete version of the chain rule for the derivative of a composite function,
of the product rule and so on. These relations are the more accurate, the smaller
are the variations of the metric from simplex to simplex. Indeed, the estimate of the
discrepancy when approximating the typical derivative by finite differences appearing
when passing from r1 (a function of y) to r (a function of x) gives that it is small at∣∣∣∣ ar1(r + a, τ)− r1(r, τ) −
∂r
∂r1(r + a, τ)
∣∣∣∣
∣∣∣∣ ∂r∂r1(r + a, τ)
∣∣∣∣
−1
≪ 1 at rg ≪ r
3
a2
, (21)
that is, when (11) holds. (Note that the minimal nonzero r of a vertex in a leaf is
a.) A similar requirement for the relative accuracy of the approximation of ∂2r/∂r21
by ∆2r/∆r21 leads to the condition r >> a. This second derivative vanishes at rg = 0,
which corresponds to the fact that the action is nonzero due to the part of the metric
that vanishes at rg = 0 ( O(
√
rg) ), and, therefore, the accuracy should be estimated
relative to this part. The condition r >> a is in fact that one that the derivatives of
several negative powers of r, such as r−1, can be approximated by the finite differences
(and vice versa). In the physically interesting case rg > a, the condition r >> a is
weaker than the condition r ≫ (a2rg)1/3 (11). In the case rg <∼ a, the condition for
the reliability of the leading order over metric variations is r >> a, and for r <∼ a, a
semi-quantitative estimate can be expected.
In the leading order over metric variations, the finite differences in the form for
the action can be handled as the corresponding derivatives. In particular, the general
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covariance holds, and the action in terms of the metric as a function of the coordi-
nates yk can be rewritten in terms of the metric in the original coordinates xk upon
substituting the metric ansatz (19) into the action. Thus, a finite-difference form of
the action in terms of the 3+1 ADM form of metric (16) follows. Generally speaking,
such a reduction takes place only in the leading order over metric variations. In the
non-leading orders, the Taylor series corrections should be taken into account in the re-
lation between finite differences and derivatives, and passing to another coordinates is
not so simple. Moreover, the non-leading terms also come as corrections when reducing
the original Regge action to the above finite-difference form (9).
The action is [29] (from now on, we omit the factor (16πG)−1)
S =
∫ {
−gkl∂π
kl
∂τ
+N
√
g
[
3R + g−1
(
1
2
πkkπ
l
l − πklπlk
)]
+ 2fkπ
kl
|l
}
d3xdτ,
πkl =
√
g(gklK
m
m −Kkl), Kkl = 1
2N
(
fk|l + fl|k − ∂gkl
∂τ
)
, (22)
| in indices is the covariant differentiation with respect to gkl.
Let us write down the field equations [29]. Those obtained by varying S over gkl,
0 = − 1
N
√
g
δS
δgkl
=3Rkl − 1
2
gkl 3R + . . . , (23)
can be written as
3Rkl − 1
2
gkl 3R = −1
2
gkl
g
(
1
2
πmmπ
n
n − πmnπnm
)
+
2
g
(
1
2
πmmπ
kl − πkmπml
)
+
1
N
√
g
[
(πklfm)|m − fk|mπml − f l|mπmk
]
+N−1
(
N |kl − gklN |m|m
)− 1
N
√
g
∂πkl
∂τ
. (24)
They look like three-dimensional Einstein equations with a non-trivial dependence on
gkl on the right-hand side. These six equations with respect to their left-hand side
are not independent due to the Bianchi identities, only three components of them are
independent; three more equations express the equality to zero of the divergence of the
right-hand side. Formally, these six equations define 3Rkl in terms of the right-hand
side and, therefore, 3Rklmn.
The equations obtained by varying S over fk,
0 =
N√
g
δS
δfk
= −(fk|l − fl|k)|l + . . . , (25)
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read
(fk|l − fl|k)|l = −23Rklf l + (lnN)|l
(
fk|l + fl|k − 2gklfm|m
)
+
(
gmnδlk − glmδnk
) [(∂glm
∂τ
)
|n
− (lnN)|n∂glm
∂τ
]
. (26)
Varying S over N , we see that the resulting equation includes 3R. Finding this
value from (24), as mentioned, we can exclude it from δS/δN = 0. Combining this
also with δS/δfk = 0 for a more compact dependence on fk,
0 =
N√
g
[
gkl
2
δS
δgkl
−fk δS
δfk
−N
4
δS
δN
]
=
1
2
(fkfk)
|l
|l −
1
4
(fk|l−f l|k)(fk|l−fl|k) + . . . , (27)
we get
1
2
(fkfk)
|l
|l −
1
4
(fk|l − f l|k)(fk|l − fl|k) =
−3Rklfkf l + (lnN)|l
[
(fkfk)
|l − fk(fk|l − f l|k)− f lfk|k
]
+NN
|k
|k
+
1
2
N√
g
gkl
∂πkl
∂τ
+
1
2
fk|l
∂gkl
∂τ
+
(
gmnf l − 1
2
glmfn
)[(
∂glm
∂τ
)
|n
− (lnN)|n∂glm
∂τ
]
. (28)
The resulting equations (24), (26), (28) are in the form with the right-hand sides
being zero on the Painleve´-Gullstrand metric. (This is seen from (26), (28) at 3Rkl = 0,
N = const, ∂gkl/∂τ = 0, ∂fk/∂τ = 0 and checked by substituting the Painleve´-
Gullstrand metric into (24)).
The equations (26) are not independent with respect to their left-hand side (which
is purely transversal); as a result, we have vanishing divergence of the right-hand side
as a consistency condition,
[
(lnN)|l
(
2gklf
m
|m − fk|l − fl|k
)]|k
=
{
−2 3Rklf l +
+
(
gmnδlk − glmδnk
) [(∂glm
∂τ
)
|n
− (lnN)|n∂glm
∂τ
]}|k
. (29)
This can be considered as an equation for N . This equation is non-degenerate with
respect to its left-hand side at the point of the Painleve´-Gullstrand metric (as is seen
by substitution of the corresponding f into the left-hand side of (29)). Thus, equations
(26) and (28) can be considered as equations for N , f .
In overall, equations (24), (26), (28), in which one equation from (26) should be
substituted by the consistency condition (29), and three equations from (24) should
be substituted by certain three consistency conditions (for which we can take those
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that express the equality to zero of the divergence of the right-hand side), seem to be
resolvable iteratively. With these caveats in mind, the equations have the form
3Rkl − 1
2
gkl 3R = O
(
N|l,
∂πkl
∂τ
)
(6 eqs), (30)
∇2 (f 2)− [∇× f ] · [∇× f ] = O(3Rkl, N|l, ∂πkl
∂τ
,
∂gkl
∂τ
)
(1 eq), (31)
[∇× [∇× f ]] = O
(
3Rkl, N|l,
∂gkl
∂τ
)
(3 eqs). (32)
In the continuum case of a spherically symmetrical (that is, without derivatives)
δ-function source, if we assume N = 1, gkl = δkl and independence from τ , or solve
iteratively, starting with the Minkowsky metric, then we get
∇2 (f2)− [∇× f ] · [∇× f ] = 0 (1 eq), (33)
[∇× [∇× f ]] = 0 (3 dependent eqs) (34)
at r > 0 and the Painleve´-Gullstrand metric.
It is interesting to express the individual equations (23), (25), (27) in terms of
the components of the Ricci/Einstein tensor. Whereas (23) and (25) are Gkl and
2(G0k − Gklf l), respectively, (27) is more compact in terms of the covariant Ricci
tensor components,
N√
g
[
gkl
2
δS
δgkl
− fk δS
δfk
− N
4
δS
δN
]
= −R00 + fkf lRkl. (35)
The equations δS/δN = 0 and δS/δfk = 0 are the equations for initial conditions in
the Hamiltonian formalism, and δS/δgkl = 0 are (a part of) the dynamical equations in
this formalism. We see that a certain combination of the equations for initial conditions
and the dynamical equations leads to some equations which can be called equations
for f , N ; the overall system with the δ-function source and with N = 1, gkl = δkl
and independence from τ (for a similar definition of the Schwarzschild problem in the
discrete case) or solved iteratively, starting with the Minkowsky metric (as an example
for using, in principle, such a procedure to refine the solution in the discrete case),
gives the Painleve´-Gullstrand metric.
In the discrete case in the leading order over δgλµ, we have
fk = a
−1∆kχ,
3∑
k=1
∆k∆k
(
f2
)
=

 0 at x 6= 0C at x = 0, (36)
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∆kh(x
k) ≡ h(xk) − h(xk − a), C is chosen from requiring that f2 be close to rg/r at
r →∞ (C = 4πa2rg). We find
f2(x) =
∫ pi/a
−pi/a
∫ pi/a
−pi/a
∫ pi/a
−pi/a
d3p
(2π)3
πa2rg exp(ipx)∑
k sin
2(pka/2)
. (37)
and also consider in our paper [22] an averaged version of metric or of any function of
it. This is implied by the functional integral strategy, which presupposes averaging the
result for any considered physical quantity over various simplicial structures. Limiting
ourselves to the considered 4-cube lattice and the (defined by η) scale a, we can still
average over the orientations of the lattice relative to the center and observation point
x. This is a simplified model of this averaging. In particular, as applied to the metric
function f2(x) itself, this reduces to averaging over the angle components of x on the
right-hand side of (37) by applying
∫
(·)d2n/(4π), x = rn, n2 = 1,
〈f 2〉 =
∫ pi/a
−pi/a
∫ pi/a
−pi/a
∫ pi/a
−pi/a
d3p
(2π)3
πa2rg∑
k sin
2(pka/2)
sin pr
pr
. (38)
Of course, this is a function of r only.
For r ≫ a, the discrete solution found is formally close to the continuum one
(that by Painleve´-Gullstrand). But to be sure that the original skeleton equations
are accurately approximated by the finite-difference ones, the condition r ≫ (a2rg)1/3
(11) should be fulfilled. In the case rg > a, the latter is a stronger condition, and for
r <∼ (a
2rg)
1/3, one should solve the original skeleton equations instead. In the formal
case rg <∼ a (when in fact there is no horizon), as mentioned after (21), the leading order
over metric variations is reliable for r >> a, and a semi-quantitative estimate can be
expected for r <∼ a.
We have estimated (37) at x = 0 in our paper [22] (to be rg/a times a certain
numerical constant). There we also estimated the discrete Riemannian tensor and, in
particular, Kretschmann scalar RλµνρR
λµνρ at the center in the formal case rg ≪ a (to
be r2g/a
6 times a certain numerical constant).
3.2 Discrete version of the Lense-Thirring metric
We can also consider the case of a slowly rotating body at large distances. This system
is described by the Lense-Thirring metric [38], taking into account the rotation in the
first (linear) approximation. This metric can be transformed to the Painleve´-Gullstrand
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type coordinates [39],
ds2 = −dτ 2 +
(
dr +
√
rg
r
dτ
)2
+ r2dΩ2 − 4J
r
sin2 θdϕdτ
= −dτ 2 +
[
dx+
(
x
r
√
rg
r
+
2J
r3
y
)
dτ
]2
+
[
dy +
(
y
r
√
rg
r
− 2J
r3
x
)
dτ
]2
+
(
dz +
z
r
√
rg
r
)2
+O(J2) (39)
(τ and ϕ differ from the Schwarzschild time t and polar angle φ by certain functions
of r). This corresponds to
f = ∇χ+ 2J ×∇χ1 (40)
for the case J = (0, 0, J), where χ1 = 1/r in the continuum; more generally, to obey
(34), χ1 should obey ∇2χ1 = 0 at x 6= 0. Substituting the metric into the right-hand
side of (24), we find
3Rkl − 1
2
gkl 3R = 18
[J × n]k[J × n]l − [J × n]2nknl
r6
(41)
as assumed equations for gkl. As already mentioned, the iterative procedure for de-
termining gkl should be performed more subtly, taking into account the dependence of
the right-hand side on gkl 6= δkl, fulfilling three consistency conditions (that express
the equality to zero of the divergence of the right-hand side). Although, it is clear that
the correction to gkl is of the second order in J . The equations (30) are fulfilled at
N = 1, gkl = δkl neglecting terms of order J
2 (and decaying rather rapidly at r →∞).
Also the left-hand side of (33) acquires a correction O(J2) from the J -term in f , and
equation (33) remains unchanged in the linear in J order. Thus, restricting ourselves
to the order linear in J , we have similarly in the discrete case,
fk = a
−1∆kχ + 2a
−1ǫklmJl∆mχ1,
3∑
k=1
∆k∆kχ1 =

 0 at x 6= 04πa2 at x = 0, (42)
where for χ we have
a−2
3∑
k=1
(∆kχ)
2 = f 2(x), (43)
where f 2(x) is given by (37) (at large distances χ(x) = 2
√
rgr), and for χ1 we have just
(37) (divided by rg). In the formal case rg <∼ a (and J ≪ r2g/4, as in the continuum case),
this is expected to give a semi-quantitative estimate for r <∼ a. The lattice orientation
averaging applied to f 2 in equation (38) in the non-rotating case can now also be
applied to any quantity that is a function of f . At large distances, where the solution
is close to the continuum one, such averaging changes this quantity little.
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4 Discussion
Using the Schwarzschild problem as an example, we can trace the general approach to
constructing discrete versions of the existing classical solutions of GR. The Einstein
equations should be written in a fairly general form, not necessarily taking into account
a priori symmetries that are typical for a given solution, but admitting simplicial
minisuperspace geometry. The criterion for the correct choice of the required discrete
solution is its approaching the continual solution at large distances. Using the periodic
simplicial manifold with the 4-cubic cell divided by diagonals into 24 4-simplices and in
the leading order over metric variations between the 4-simplices/4-cubes, we consider
a finite-difference form of these Einstein equations. Quantum effects show up in the
elementary length scale (lattice spacing) in the zero order.
Important ingredient of the simplicial approach is averaging over various simpli-
cial structures. Though, loose fixation of the elementary length scale a already gives
essential properties like resolution of the continuum GR singularities.
The length scale a is defined by a free parameter η which characterizes volume
factors in the functional measure analogous to (
√−g)η in the continuum GR. Our
analysis suggests a≫ 1 in Plank units.
If we take for comparison the Loop Quantum Gravity quantization of a black hole
(in Kruscal coordinates) [17, 18], an interesting feature of this quantization is that the
strength of the resolved singularity (in terms of curvature) is independent of the mass
of the black hole. This strength is determined by the quantum of the area spectrum,
which, in turn, is determined by the Immirzi parameter γ. Note that our measure has
a maximum (8) not only at the value of the elementary length scale squared a2 of order
of the parameter η, but also at this value of order γ. However, the maximum of the
measure at the lengths squared O(γ) is negligible compared to the maximum at the
lengths squared O(η) [20]. (It is supposed that η ≫ 1 as mentioned above.) Therefore,
our cut off parameter a is defined by η, not by γ.
The above consideration of the Lense-Thirring metric gives hope to formulate and
analyse a discrete version of the solution describing a black hole, not necessarily slowly
rotating, that is, a discrete version of the full Kerr metric. A complication is, as
mentioned in Subsection 3.2, that probably we can not formulate the original continuum
problem at J 6= 0 in terms of only f (that is, to achieve equalities N = 1, gkl = δkl).
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Another case is a charged black hole and a discrete version of the Reissner-Nordstrm
geometry, the construction of which requires incorporating the electromagnetic field in
the discrete formalism. The electromagnetic field in the Regge calculus was considered
in the literature [40, 41].
In a more general context, we have considered finding an optimal starting point for
the perturbative expansion of the theory; further, there are graviton diagrams describ-
ing quantum fluctuations around this point. In the continuum (non-renormalizable)
theory, such diagrams are divergent; in the discrete framework, these diagrams are
finite, and the main problem carries over to the sum of the perturbation series as in
the ordinary (renormalizable) field theory. Roughly speaking, the diagrams, originally
(in the continuum theory) divergent as a power of a momentum cut off Λ, are now
finite and proportional to the same power of a−1, and we have an expansion in powers
of a−2, that is, in powers of η−1 at η ≫ 1. An analysis of at least few first orders of
this series might be of interest.
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